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On the nonlinear reflexion of a gravity wave
at a critical level. Part 1

By S. N. BROWN ANp K. STEWARTSON
Department of Mathematics, University College London, London W.C.1

(Received 2 August 1979 and in revised form 6 February 1980)

In this paper we examine the nonlinear interaction of a forced internal gravity wave
in a stratified fluid with its critical level. The representative Richardson number J
is taken to be large and the undisturbed state consists of a hyperbolic-tangent velocity
profile and an almost constant density gradient. It is assumed that at large values of a
non-dimensional time ¢ the flow outside the critical layer is steady, consisting of the
mean shear together with a disturbance periodic in « that corresponds to the single
harmonic of the incident wave of small amplitude ¢. The requirements of a match
across the critical layer lead to a reflected wave and a transmitted wave both of whose
amplitudes are O(ee") when 1 €t < e, where v = (J —1)}. For v> 1 the layer
therefore acts as a wave absorber, and the purpose of this investigation is to ascertain
whether this property persists on an even longer time scale. At times ¢ = O(¢~%) the
layer has thickness O(et) and the first few terms of an expansion in powers of ¢} show
that higher harmonics are forced on the outer flow, and the reflexion and transmission
coefficients develop with time. The leading-order correction to these coefficients is
calculated explicitly; that to the transmission coefficient is again exponentially small
in v though that to the reflexion coefficient is O(v—1). The reflexion coefficient is there-
fore increasing and the critical layer begins to restore wave energy to the outer flow.
Owing to the complexity of the calculation higher-order corrections are not obtained
here, but the results presented are in agreement with predictions of earlier workers
that the layer acts as an absorber and a reflector but not as a transmitter.

1. Introduction

It is well known that an internal gravity wave, propagating through a stratified
shear flow, develops singular characteristics at the critical level where its phase speed
is equal to the mean horizontal velocity of the undisturbed fluid. The phenomenon
is associated by dynamical meteorologists with the notion of energy trapping by the
troposphere and by oceanographers with the confining of topographically generated
disturbances to the lower region of the ocean and of wind-generated disturbances to
the upper region. Important contributions to the theoretical understanding of the
structure of the flow near the critical layer were made in papers by Bretherton (1966)
and Booker & Bretherton (1967) in which linear aspects were considered. Bretherton
showed that when the Richardson number is arbitrarily large a wave packet moving
with the local group velocity does not reach its critical level in a finite time and so is
neither transmitted nor reflected but is absorbed. Further details are given by
Grimshaw (1975) and Hartman (1975). Booker & Bretherton (1967) solved an initial-
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value problem for a single sinusoidal component forced at the lower boundary and
found that the amplitude of the upward-propagating wave is reduced by a factor
proportional to exp{—m(J—})1}, J being a representative Richardson number.
Presumably the momentum flux of the wave is absorbed at the critical layer and a
corresponding force exerted on the mean flow.

Several authors (including Booker and Bretherton) have pointed out that in the
absence of wave dissipation the nonlinear terms must become important in the
critical layer after a sufficiently long time while still explicitly negligible elsewhere
in the flow field. Our aim in the current work is to study the effect of this nonlinearity
of'the critical layer on the absorption and reflexion of an internal gravity wave main-
tained at an infinite distance above its critical layer. Our starting point is a linear
quasi-steady state in which the motion in most of the flow field is steady, the time
dependence being confined to the critical layer. The shear profile is a hyperbolic
tangent and the density gradient is essentially constant. The Boussinesq approximation
is applied. It is assumed that the quasi-steady state will establish itself when the
effect of some prescribed initial condition has died out. The Richardson number J
is greater than unity and this linear solution is in accord with the theory of Booker
& Bretherton (1967) with both reflexion and transmission coefficients having a factor
exp {—m(J —})}}, and this is very small even for moderate sized J. However this
state cannot persist because the velocity and temperature in the critical layer are
increasing without limit. At longer times the previously neglected nonlinear terms
take effect and we wish to examine the reaction of the critical layer to them and in
particular their effect on the reflexion and transmission coefficients. The method of
attack is the same as was outlined in the Rossby wave problem discussed by Stewartson
(1978) and used by the present authors (Brown & Stewartson 1978) to develop an
analysis for free oscillations of a marginally stable flow with J = }. The former paper
consisted of an analytical solution of a special case of the problem treated numerically
by Warn & Warn (1976, 1978) and by Béland (1976), all of whom, following Dickinson
{1970), made use of the property that the thickness of the critical layer is proportional
to t—1. The paper by Brown & Stewartson (1978) will subsequently be referred to as I.
In I an expansion in the critical layer was formed in powers of 7 (= #t), where ¢ was
the amplitude of the free oscillation and ¢ the time. Higher harmonics are forced on
the outer flow and the calculation was taken to the point where the second harmonic
first appeared, and a subsequent mismatch between the outer flow and the critical
layer led to a Stuart-Landau type equation for the amplitude of the fundamental
harmonic. In the present problem a similar expansion is formulated with ¢ now the
amplitude of the forced incident wave, though because of its complexity the calculation
is not taken so far. The appropriate time is again 7 = ¢# and, as identified by Maslowe
(1972), the thickness of the critical layer is O(e}). The chief result is the correction to
the first harmonic when J > 1 which leads to a correction O(73+2%), where v = (J — })3,
to the reflexion coefficient and an O(73) correction to the transmission coefficient. As
a function of v the transmission coefficient is again O(e~"). However the correction to
the reflexion coefficient is O(v—1), indicating a probable increase of amplitude of the
reflected wave as time goes on. That the transmission coefficient will exhibit
similar behaviour at later stages of the expansion will be demonstrated in a sub-
sequent study. To the order considered here, there it no transfer of momentum flux
to the mean shear, a phenomenon predicted by many earlier workers, but no doubt it
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will oceur at a later stage of the expansion procedure. The present work is capable of
providing further terms in powers of »—! and indeed may be extended to general
values of J. The Boussinesq approximation is made but this is for simplicity rather
than because it is fundamental. The density profile is chosen so that there is an
exact analytic solution to the linear problem for all J and while this is not necessary
it does help to give confidence that the asymptotic form is lndeed correct for v > 1.
The results are expected to be representative of a large class of similar problems when
a wave is forced in a stratified shear low not only at infinity but also on a finite boun-
dary. If, however, terms of higher order in 7 are required the present approach would
seem to involve an unreasonable amount of analysis while, if terms of higher order
in € are required, nonlinear effects in the remainder of the flow field, i.e. outside the
critical layer, must be taken into account.

There have been previous, mainly numerical, nonlinear studies of internal gravity
waves (Breeding 1971; Klemp & Lilly 1978; Fritts 1978, 1979) and of their inter-
action with a critical level. Considerable difficulties were experienced by these authors
in obtaining adequate resolution of the critical layer. This is one of the justifications
for the present analytical approach, limited though its results are. Our findings are
broadly in agreement with those of these numerical workers, to the extent that they
all find some evidence of reflexion and little of transmission.

2. The basic equations

The situation is similar to, but not identical with, that considered in I. We again
consider an inviscid shear layer separating two parallel streams of fluid in motion, the
velocity in each stream being uniform but different. However since these streams are
to be capable of sustaining plane waves the density gradients must be non-zero in
each stream. We choose orthogonal Cartesian axes Ox*y* with origin in the centre of
the shear layer, Ox* parallel to the direction of the two streams, and O moving along
the x* axis with their mean velocity. The non-uniform densities of the streams mean
that rather more care is required in justifying the use of the Oberbeck-Boussinesq
approximation. We again take the equation of state to be linear of the form

p* = pE{1— XTI T - 1)), (2.1)
where an asterisk denotes a physical variable, p*, T* are the density and temperature,

B* is the coefficient of volume expansion, and p§, T'§ denote a constant reference
density and temperature. Then Mihaljan (1962) has shown that if

BTF <1 (2.2)
the governing equations may be taken as
divg* = 0, (2.3)
oq* Vp*
e+ (@ VA = =+ T =T VY, (2.4)
oT*
F —+q*.VT'* = 0. (2.5)
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Here q* is the velocity, i* the time, p* the pressure and g* the acceleration due to
gravity.

We now define the velocity difference between the two streams to be 2V*, choose
a reference length L* and write

x=x*/L* y=y*/L* t=1t*V*/L*, (2.6)
q*/V* = Uly) Vz +eq(z, y, t), (2.7)
p*/p5 = 1+ B*T§ R(y) +ep(z, y, t). (2.8)

In (2.7), (2.8) the small positive number ¢ will layer be identified with the amplitude
of the imposed incoming plane wave, and U(y), E(y) are the undisturbed non-dimen-
sional velocity and density of the shear layer. Then if the non-dimensional temperature
perturbation is €T'(x, y, £) the equation of state (2.1) becomes

p= —p*¥T¢T, (2.9)
and (2.3) to (2.5) lead to
» z/f RV B
G+ U 5) v - Ui e a2 (2.10)
o o T)
(8t+U(y) )T+R( )8.1: ea(x,y) = 0. (2.11)
Here {(z, y,t) is the perturbation stream function with
(¥ _o
- (537 ax) (2.12)
and J = B*TEg*L*/V*2 > 1 (2.13)

is the Richardson number.

An analytic solution of the linear equations is possible only for certain choices of
the properties of the shear layer and in order to achieve this and to simplify the non-
linear study we take

U(y) = tanhy, R'(y)=-1 +:275ech2ytanh2y. (2.14)

Then both streams have the same constant density gradient and the Oberbeck—
Boussinesq approximation is formally justified by condition (2.2). A further comment
on the choice of the density profile in (2.14) will be made in §4. When J is large, the
situation of most interest in later sections, the density gradient is essentially constant
throughout the flow.

3. Propagation directions of plane waves far from the critical layer

When |y| is large the velocity and density profiles lead to U(y) =sgny and
R'(y) = — 1, which are both constant. The linearized forms of (2.10), (2.11) reduce to

(gffsgnya ) Vi +d ‘lf— 0, (3.1)
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which has plane wave solutions of the form
¥ oc gllatmy—ob) (3.2)
where a, m, w are constants satisfying
(asgny ~w)? = Ja?/(a?+m?). (3.3)

Outside the critical layer we envisage a quasi-steady disturbance in which for
y > 0 there is a forced wave of the type (3.2) but with w = 0. The energy of the wave
is partly absorbed by the critical layer, and is partly reflected and transmitted as
waves of the same type except that the amplitudes may now depend algebraically
on t. The appropriate conditions on a, m for such waves can be ascertained by studying
an initial-value problem and making use of the concept of group velocity. The point
has been discussed at length by Booker & Bretherton (1967) and we may summarize
the results as follows:

When am > 0 a solution of (3.1) with an exponential factor

gilez—my) g2 4 m? = J (3.4)

for ¥ > 1 represents a wave travelling in the direction of « increasing and y decreasing,
and go may be regarded as a wave incident on the critical layer. We shall regard this
wave as given.

Again with am > 0 a solution of (3.1) with an exponential factor

gllax+my) (3.5)

for y > 1representsa wave travelling in the direction of « increasing and y increasing,
and so may be regarded as a wave reflected upwards from the critical layer. Finally a
wave with an exponential factor

ei(aa:+m1/)’ am > 0 (3.6)

for y €« — 1representsawavetravelling in the direction of x decreasing and y decreasing
and so may be regarded as a wave transmitted below the critical layer. The purpose
of the present paper is to investigate the properties of the coefficients of (3.5) and (3.6)
when the nonlinear effects of the critical layer are taken into account. The fourth
solution, like (3.4)except that y € — 1, represents a wave incident on the critical layer
from below and is not relevant to our studies.

The solution of the problem when the imposed incident wave is below, rather than
above, the critical layer, can be obtained from that discussed here on replacing x, y, 7
by -z, —y, — T respectively. This is because firstly (2.10), (2.11) are unaltered by
the transformation when (2.14) is taken into account, and secondly (3.4) becomes a
wave incident below the critical layer and (3.5), (3.6) are again reflected and trans-
mitted waves respectively.

4. Solution properties at finite values of y

The main effort of our investigation is concentrated in the immediate neighbourhood
of y = 0 where the phase velocity of the imposed disturbance is equal to the velocity
of the basic shear flow. Since the imposed wave is steady this velocity is zero. We shall
be considering large values of J and the dominant properties of the disturbance when
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¥ % 0 can be computed for general values of U(y) by the method of steepest descents.
However the reflexion and transmission coefficients involve powers of e=7, v = (J — 1)}
that are strictly negligible in this asymptotic method, and so in order to ensure that
no errors occur due to the omission of such terms it is convenient to have at our dis-
posal a complete solution of the linearized equations in the outer part of the inter-
action region where y = O(1). It is for this reason that the special but representative
forms for U(y), R'(y) in (2.14) were selected. Then equations (2.10), (2.11), when linear-
ized by setting ¢ = 0, have a solution in which, with c.c. denoting the complex con-
jugate,

¥ = elengy(y) +o.,  (§—aldy) tanh?y+ I, = O. (4.2)
The bounda1y conditions on ¢, are fixed by the requirement that there is an incoming
disturbance of prescribed amplitude when y is large and positive and only an outgoing
disturbance when y is large and negative. This implies that, on use of the results of
the preceding section,

1Y) ~ Ry o™ fe~tmY  ag Yy —> o0,

$1(y) = Ty e as  y—> —0, (4.3)
where m (> 0) = (J —a?) and £,,, 7;, are the reflexion and transmission coefficients.
We are specially interested here in the properties of these when the nonlinear evolution

of the critical layer is taken into account.
The general solution of (4.2) is

$1(y) = A1 P1(y) + A1 610(y), (4.4)
where
_ 2im-1 (—z—3—3)!(—2z—3+3w)! z— 1 — kim)! (—im)!
Puly) = o f % (—2—%5’—%13771)!(—%+%iv—=}im)!(—z—%im)! dz, (4.5)
_ 2-im-1 A —2—F—4i)! (2=} + $iv)! (z— 1 + Jam)! (im)!
) = | T o o A i T o g 22 (49

g = sinh |y}, C is a contour parallel to the imaginary axis of z and passing through a
point on the real axis in the interval (0,}). Here and henceforth 7 = ei” and v, m are
both positive. The funection 2! is defined for complex values of z by analytic continua-
tion from its definition for real values. When |y| is large we complete the contour to
the left and obtain

Pu(y) = ™1+ 0(e2V)),  Grp(y) = e™¥(1+O(e ). (4.7)
When |y| is small we complete the contour to the right and obtain
$uly) ~ a11|y|i+iv +ﬂ11|?/|*-iv: P12(y) ~ aml?/,*”y"‘ ﬂlzlyl*—iv, (4.8)

where

_ (—tv— 1)1 (—tm)! 2m
_(—i—%iv—%im)!(—.—%—%‘iv—%im)!’ (4.9)
_ (tv— 1) (—wm)! 2im

P = (— 1+ 3iv—Lim)! (= 3+ Jiv — Jim) !

%y

For a,,, f;2, it is only necessary to change the sign of m in (4.9). The relative error in
(4.8)is O(y?) as y — 0.
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In particular when J is large for fixed «
v=Jt 40t =m, (4.10)
and so o, & 2%, B x —i2btem g, g2b-ten Bl 20, (4.11)

The solution must now be completed by matching across the critical layer with

$1(y) = Zuduly) +92ly) if y> 0,} (4.12)

$1(y) = T11612(%) if y<0o,
0 that DY) & (B + o) Y3+ (R B+ Bro) % as  y — OF, (4.13)
$1(y) ~ 5110‘12|.7/|i+i"+'711ﬂ12|?/|*_i" as y—> 0. (4.14)

The reflexion and transmission coefficients are determined by the match with the
solution that holds in the neighbourhood of ¥ = 0. In the following section this solution
is obtained and the matching completed.

5. Linearized theory of the neighbourhood of y = 0

It is clear from (4.8) that the assumption of a linear theory must eventually fail in
the neighbourhood of y = 0 since the z component of velocity tends to infinity as
y — 0. Consideration of an initial-value problem leads us to expect that the linear
solution will be valid at any finite time for sufficiently small values of ¢ but will break
down as t - oo for any given e. At large values of ¢ the solution in the neighbourhood
of y = 0 satisfies

0 2520
S~ D =
(6t+my) o a%J o = 0, (5.1)

from (2.10), (2.11) with ¢ = €?**®(y, t) + c.c. and U(y), R'(y) replaced by their leading-
order terms in the critical layer where 9/0y > 9/0x. The boundary conditions for (5.1)
are to be chosen so that ® matches with ¢, given by (4.13), (4.14) as |y| - oo in some
sense. The appropriate solution of (5.1) is

*® fat ,—7 % fat p—iyu
o= b N f e D f i (5.2)

(—3—v o ubt (—3+)! Jo wb—w

where the * denotes that the finite part of the integrals is to be taken and B, B, are
constants so that ® matches with ¢, in (4.13), (4.14). It follows at once that the thick-
ness of the critical layer is O(#~') and so the matching is justified provided ¢ is large.
Asty - +o0

D~ eiin—}vnyi-kivBl_'_e&iﬂ-k}vnyi—isz (53)
while ® x e~tintbr|y|d+o B, 4 g—tin-br|y|d-0B, (5.4)
as ty - —o0. Hence by comparison with (4.13), (4.14) we have

o‘lz(auﬂlz — 5 81) e—himtdn ﬂlz o
B, = tintd B, ="“¢"B,,
1 frae®™ — alzﬂu %y
e—-iiﬂ+f}v7r a (eZV‘n —_ 1)
*711 = Bl: '%11 = 12512

%19 %911 — 11 fr2€®”

(5.5)
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In particular when J is large it follows from (4.11) that
Bl ~ ot eiin—gwr’ 32 ~ 9 e—ifn—gun,
Tnx —ie™m, Ry, ~ — it ey, ' ‘ (5.6)

These results on the transmission and reflexion coefficients are, of course, well
known, having originally been obtained by Booker & Bretherton (1967) and by many
authors since. The usual interpretation is that when J is large the critical layer absorbs
the incident wave. In fact from a practical point of view J does not have to be very
large to make the reflexion and transmission coefficients essentially zero. Not surpri-
singly therefore the velocity and temperature in the critical layer rise rapidly in
magnitude. For example at ¥y = 0 we have from (5.2) that

t'hﬁ —1 Bz(at)§+iv etaz N (at)}+i»
T =3+ G+ Toemt

when J is la,rge so that it increases without limit with £. The corresponding temperature
on the centre-line is 7/ times the expression in (5.7). In order to assess the importance
of nonlinear effects the behaviour of the stream function itself is of more significance;
we have from (5.2) again that

(2V)—ivei(a:c+v—i1r)+ c.c. (5.7)

¥ & () oprfoy (5.8)
and so || ~ t¥ as t > oo. Hence the nonlinear terms in (2.10), (2.11) are significant
in the critical layer when et? ~ 1, and at these times the outer solution, where y = O(1),
is still controlled by the linear terms. We shall now investigate how the reflexion and
transmission coefficients are modified by these terms in the critical layer.

6. The nonlinear equations of the critical layer

Since as shown in the preceding section both the horizontal component of velocity
and the temperature become large with ¢ the linear theory eventually fails. The time
scale on which it does so is O(¢—%) and the critical layer then has thickness O(e#). If in
(2.10), (2.11) we write

y=¢etY, 1=¢cat, ¢y =e¥(2,¥,7), T=ec¥8(,7,7), (6.1)

the appropriate equations are, in the limit ¢ = 0,

0 v o8 vYovr o¥ ov
( 5t Y; )3Y2+J72 T D €T) (6.2)

0 0 v ovoS oveoSs
(“a‘«,” 5;) ~ %% = Y 3T (8:3)

The initial conditions for these equations are specified by the requirement that the
solution shall match, as 7 - 0, with the linearized solutions of § 5 which we envisage
to be the form taken for large ¢ of the solution of an initial-value problem starting at
t = 0. Thus 7 = O(1) represents the next stage in the development of the low and we
shall find that on this time scale the outer flow, where ¥ = O(1), although still linear
is no longer steady.

When J is large we see from (5.6) that B,/B, = O(e~?") and so the first term in
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(5.2} -is -negligible compared with the second, and in order to make the subsequent
analysis tractable we shall retain the second only. Thus for our initial conditions for
(6.2), (6.3) we take

¥ = ez (Y, 7)+cc., 8= ;f:va:;}l+c.c. (6.4)
as 7 — 0, where
Yu(¥,7) = bf u;iu u, (6.5)
and b = Bye ¥ /(-3 + i)l (6.6)
This means that when v is large
~ et pl=# Q=i giltr+3m, (6.7)
(2mi

In addition there will be matching conditions outside the critical layer which will be
altered from its steady form given in §4 as the critical layer forces the intrusion of
higher harmonics and the development of the coefficients of the first harmonic as
functions of 7. This matching, which is straightforward, is outlined in §7.

The procedure now parallels closely that of I. We develop a formal expansion of
¥, S in powers of 7, whose coefficients are functions of Y7, x, €?, 7% and shall find the
first few terms explicitly.

We write
V=S W(Y,1,2), S=3 8,(Y,7,2), (6.8)
r=1 r=1
where ¥,, S, are of the form
Y~ 3 enisr¥, (Y,7), S,= ¥ ereeS, (Y,7) (6.9)
and Yio=8,0=0, 8Sy=E—w)1o¥,/0Y. (6.10)
Also \?r,n = ‘Fr,-n’ Srn = Sr -n? (6'11)

the complex conjugates being denoted by tildes, and where without loss of generality
we may take r — n to be an even integer or zero. As in T each ¥,, 8, is in magnitude 7#
times ¥, _,,8,_; and is of the form 7-2+# multiplied by a function of Y7, 7%, ¢%.

On substituting (6.8), (6.9) into (6.2), (6.3) we find that ¥, S,, satisfy

0 L 3 _

(6 +mY) 772 +mJS,, (Y, T), (6.12)
o . .

(E+mY) S,,—in¥,, =H,(Y,1), (6.13)

where Gm, .. are known functions depending on the previously calculated ¥, S,
with 1 < p < r—1. If 8, is eliminated between (6.12), (6.13) then ¥,,, the Laplace

transform of ¥, satisfies, on denoting all transforms by an overbar,

o
(s+inY)zaa§,,'2"—n2J¢m (s+inY) G, (Y,s)—in H,(Y,s). (6.14)
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The solution of (6.14) is

— 1 . (Y . ,
=g (s+in¥)i¥ | K, (¥,,8)(s+ink;)"Hd,

-

m

1 (s+mY +zvf K, (Y,,8) (s+inY,)-t-"dY,
+C. s+ Y4 D, (s+inY)H+¥,  (6.15)
where K,,(Y,s) has been written for the right-hand side of (6.14) and C,,(s), D,,(s)

are to be found by matching with the outer solution. It follows from (6.15) that as
Y>> -

n X Con(n| Y| E-e~tindvr . D (n| Y|t e-dintbm (6.16)
while as ¥ - + o0
R (Cp+ L) (oY )bt ebinebn i (D — ) (n Y )bt ebin—bom, (6.17)
where I, = —-————f (r—1,)b-dr, f K, (Y,1,)e nY0-1IgdY, (6.18)
2np(3 —iv)!
- i+w e—in¥Y@—rp
Jp = S %+w J (r—7, )2t dr f K, (Y,1,)e Y. (6.19)

The reflexion and transmission coefficients of the outer solution where y = O(1)
will not be affected until a non-zero I, or J,, is obtained, at which stage the matching
condition will be non-homogeneous. The method of performing the match is outlined
in the following section.

7. Development of the outer solution

On the time scale ¢t = O(e~#) the outer solution is linear with i of order unity. Since
we have retained only the leading-order terms in ¢ in the inner region it is sufficient to
do likewise in the outer, in which case ¢ will be of the form

Y = enamf (y, 1) +c.c., ( WV n2a2¢n) tanh?y +Jy,, = 0. (7.1)

The neglected derivative with respect to ¢ is of relative order ef and the neglected
correction to the mean flow forced by the critical layer turns out to be of relative order
e}, see (8.7), (8.8) below. The solution with n = 1 at 7 = 0 is that given in §4, so that
¥ly, 0) = ¢,(y) and ¢, (y) appears in (4.4). The values of the reflexion and transmission
coefficients at v = 0 appear in (5.6). As 7 increases these depend on 7 as does ¥, (y, 7)
this behaviour being forced by the critical layer as is the appearance of the higher
harmonics.
The general solution of (7.1) is

wn(y: T) = Anl(T) ¢n1(y) + An2(T) ¢n2(y)a (72)

where @,,,, ¢, may be obtained from (4.5), (4.6) on replacing m by m,,, where

m, = (J —n2a?).
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The connexion between the behaviours of ¢,,, ¢,, for large and small |y| may be ob-
tained in the same manner from (4.7) to (4.9).

The boundary conditions on ¥, are again fixed by the requirement that there is an
incoming disturbance of prescribed 7-independent amplitude when y is large and
positive, and only an outgoing disturbance if y is large and negative. On use of the
results of § 3 this implies that

Valy,7) = R, (1) ™V 43, 67V as  y — o0, 7.3)
YUaly, 1) & T(1) e~ malvl as y—> —00,} t
where m, = m. By analogy with (4.12) we now have
¢n(y! T) = ‘%n(’r) ¢n1(y)+3n1¢n2(y) lf y > 0,} (7 4)
Ynly, 7) = To(7) ra(y) if y<o.
If we now write
‘%n(’r) = Z ‘@rn(’r)’ '7;(7.) = E ~7m(7)> (75)
r=n r=n

where 2,,,7,, are of the form 78 -D times a function of 7%, ¢ then #%,,, 7;, are inde-
pendent of 7 and are given by (5.6).
We are now in a position to match with the solution of §6. From (6.16) to (6.19)

and (7.4), (7.5) we obtain

Ropn Oy + 0,18y Ay = e 0mbtdv gbinbm(D_ ] ), (7.6)
R Bur+ 81101 Pz = e8P mt—v elintbmn(Q 4 1), (7.7)
T Oy = e—Ypd+iv p—tintdon D.,.,, (7.8)
Trnbra = ¥ont-v e~tin-brQ (7.9)

for the four unknowns #,,, ,,,C,,, D,,. Whenr = n = 1, J;; = I,; = 0 and the solu-

tions for #,;, 7, are as in (5.5). Also
B, =D, B,=eb(,,. (7.10)
When r and n are not both unity the solution of (7.6) to (7.9) is

—&1p, *+ v p iy $—iv o~V
2, = _ gintor {6‘ $ivp 3+ Jmﬂn2+€§1 n z_:wr nImOan}’ (7.11)
anlﬂnz—anzﬂnle
_§»'p -}+'y —p §'v ‘b—iv
,7;” = -—e_}iw—ivw {6‘ YnEte "Jrnﬂnl+€ 17; Ir'n.anl}’ (7.12)
Op1 Pz~ Anefnr€™®”

from which C,,, D,, follow on use of (7.8), (7.9).

In the next section we obtain the first non-zero 1,,, J,,. We find that
Ly =y = I3 =Jgy3=10

but that I,;,J,, are non-zero. It emerges that J,, = O(r3+2% ¢bv1), I, — O(13 e~¥7) with
the result that #,, = O(r3+2%), J,, = O(r3e™") so that the transmitted wave is still
negligible though the reflected wave is building up from its value of order e~
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8. Explicit calculation of the second-order terms

In this section we evaluate W,,, which, it emerges, has a forcing effect on the outer
flow, and show that I, = J,, = I ; = Jy; = 0. Had I,,, J,, been non-zero a second har-
monic would have been forced at this stage on the outer flow. We have extended the
obvious definition of reflexion and transmission coefficients to include these terms
though it could be argued that the higher harmonics should not be regarded as re-
flexions of the original imposed wave. The second harmonic is in fact postponed until
the I,,, J,, stage.

As in I we first look at the computation of

Wy = €2+ Wy + e—%mqf% (8.1)
and S2 — eZiaa:S22 + S20 + e-ziaxgzz_ (8.2)

It follows from (6.2), (6.3) that

oy . fon 0Ty ~ OV 38 _
= ’(Wn a)}I_TH 91}1)’ a:o aY(\F“S“ FuSu) (8:3)
so that, from (6.5), ’
a\}j‘zo B . * (u + ’I)) e—iY(u—-'u)
Tl [ [, e e &4

A useful expression for 88,,/0r is then obtained, on use of (6.10), as
Zeo 2 0,7 7 8.5
br 275y T JaYE (\FH\FH) (8:5)

The behaviour of ¥y, as | ¥| — co is most easily obtained from (8.3) and the form

du (8.6)

cosh v J‘ © g~y o~G¥ +uyr
0

Wiy = b~ iv)t [orbirtbr| Y]i-o . aTiY

according as ¥ 2 0. Using this we find that
Voo & ~ 207+ 212/ Y + O{re—i¥7( Y1)t} (8.7)
if Y > 0and Voo x 2vre " —p/(m| Y|)+ O{re=i¥7| Y7|-#+i}, (8.8)

if ¥ < 0. Thus ¥y, does not decay to zero as | Y| - oo and the stream function in the
outer region where y = O(1) has forced on it an z- and y-independent term that is O(et).
The presence of this term in the outer solution in no way invalidates the remarks made
early in § 7 about the relative orders of magnitude of the neglected terms in (7.1).
From (8.4) it also follows that, when v > 1,
0¥y o 20bjpT® Y, 4|b|27?

(8.9)

oY |y ¥ 7 aY2 |y, A
Since for a comparison with the situation when the imposed wave is below the critical
layer we must change the sign of ¥ but not of ¥, the sign of the first of these is not
in accord with the prediction of Ramanathan & Cess (1975) on the mean retrograde
winds within the atmosphere of Venus. Also that of the second does not support the
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findings of Lindzen & Rosenthal (1976) on the sharpening of the mean shear. However
it is noted that, although broadly negative, 2¥,,/9Y does oscillate in Y.

To proceed further we must calculate W,y, Sp,. These satisfy (6.12), (6.13) with
r=mn=2and

H,(Y,7) wz(\{!' 98 _38 3‘1"11) _ i - 321}"11_(3\1/-11 2
31 ’

Yy oYy —w| M oY? oY

. Yy, YoV, . 0Hy
GZZ(Y’T)_Z(IFII 273 - 272 ay)_(f—zv) Y ° (810)
On taking the Laplace transform it is easily verified that
_ r _
Foa(Y,8) = (h—iv) (s+ 207 )}-> Hyp(Yy, 8) (s + 24Y,)HdY, (8.11)
and Sul¥.5) = -1 52, (8.12)

where the neglect of the complementary functions has anticipated that 1,,, J,, will be
zero. From the absence of a term in (s+ 2:Y)3+% in (8.11) we see immediately that
Jae = 0. Also from (8.11) we obtain

1

122:(—%—iv)!

f (1—T1y)}— def H, (Y, 1,) e 2Y -4y, (8.13)
0 —®

which on substitution for H,, becomes

152 T2 p(u — v) ©
— i—w —i ¥ (ut+v+27—274)
I, T f (T—Ty)t¥dr, f f ()i udvf_me dY. (8.14)

This integral vanishes for exactly the same reasons as did the corresponding integral
in I. The inner integral is 278(u + v + 27 — 27,), where 4 is a Dirac delta function which
vanishes except when 7 = 7,,u = v = 0, i.e. on the boundary of the hypervolume of
integration. However the presence of the factor (r—7,)% in the integrand implies
that I, = 0.

Later we shall need ¥, which is obtained by inverting ¥, in (8.11) as

f f f f”v(u Dr-n -ty g,
(3—1v) g +w)! (wvr, B

xf exp[—taY (27 — 21, + u+v) —taY (27, + 27, — 27 —u —v)] dY;. (8.15)
0

1}"22:_

The third-order terms take the form
YWy, ediar 4 W' el 4 ¢ c. (8.16)

with a similar expression involving S;;, S,;. The terms W,,, 8433 have no effect on the
outer flow since it can be shown by writing them down explicitly that I;; = 0 = J,.
The reason is the same as for the vanishing of I,,, J,,. To obtain the forcing term on
the right-hand side of the equation there are no mixtures of for example ¥}, and its
complex conjugate ¥,,. Thus the delta function from the first stage of the integration
is only non-zero on the boundary of the hypervolume of integration where other
factors of the integrand vanish. However this does not hold for ¥,, Sy,, which lead to
non-zero I, J,,; we proceed to calculate these in the following section. These quantities
furnish the first correction to the reflexion and transmission coefficients.
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9. The first correction of the reflexion and transmission coefficients

In this section we calculate I, J;,, which upon use of (7.11), (7.12) give %5, 7 5,. We
find that I,; = O(w¥ePm), J,, = O(v~let") when v is large so that %, = O(),
T = Ot e=m). The 7 dependence of %y, is 73+2%, and of 7, is73. Thus the transmission
coeflicient has the same dominant dependence as its steady value (5.6) though the
reflexion coefficient has a correction that is much larger in magnitude.

The equations satisfied by Wy, 93, are

oM,
Y’

9 . .
P 8Y2 (—+zY) 83 —i1¥5 = Hy, (9.1)

or
where

My(Y,7) = i(\v

R, OV, s\ PV, OV, OV, o PP,
_ — — .2
ugy: Y ay) (2%2 37: ~§Y 47 om ayz)’ (9-2)

o, . a3, o ov,, oS
—Su——a;")ﬂ(zqfnay 28,, al}l+5’u 3;2 3;,2‘1’ )

0850
11 'a—f

Hy(Y,7) = i(\v

B (9.3)
The solution of (9.1) for ¥y, is

_ ; s - _ , .
Yy = i—;; (s+2 Y)*”“’f_ {3 —v) My (Y, 8) — J Hyy (Y4, 8)} (s + 1Y) B dY;

~57 (8+zY )*“"f {(}+v) My (Yy, 5) — T Hy (13, 8)} (s + 1) 4T,
+ 0,y (8+1Y )4 Dy (s +1Y )4, (9.4)

80 that
i T , @ ] )
I = gy, =T dn [ (=) Mo 1) =Ty (¥, m}e T eay,
(9.5)
Jy = Wf (1—175) i+iv dr f {(3 +iv) My (Y, 75) — T Hyy (Y, Ty)} e~ ¥ 094 Y.
(9.6)

Itis convenient to split I,,, J;, into two partsand write I; = I o+ Iyyq,J5; = Jo0+Ja12
and similarly with M,,, H,,. In (9.2), (9.3) the first bracket corresponds to the subscript
0 and the second to the subscript 2. Thus for example

¥, 0V, 0T,
Houl¥om) = z(lp“ oYt 9Y 2Y ) (9.7)
To compute (9.5), (9.6) we first calculate these functions and obtain
e [T (e O
(3 —w) Myyo— JHyyp = —200F, e (‘Fu OI}I) dr,
. ¥ 7 32{?‘ ~ oy
~Wy ), (\Fu‘gﬁ—‘?n 0 yél) dry, (9.8)

. . T o2 o,
(4 9) Mg = THygy = ~ 200, | 553 (¥ ——) dry, (9.9)
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Yy W 8‘1’11 o,
oy Y oY’

T, 0y, 0 oy
7Y oY Y are

where use has been made of (8.3), (8.5) and (8.12).
From (9.5), (9.8) we are able to write I,,, as the multiple integral

b bl2 T . 73 LA S T3
Iy = ?—L@%—'J‘ 7—73)5“"d13}- d‘Tlf f duva-O dw

o= uEZS)%—Z)u;:Z(uM)}J-_ exp[—i¥(r—T3+u+w—v)]dY (9.12)

and from (9.6), (9.9) we have

iblbj2 7
J310=—(%__1;|1mj (r1— 13*+wd73f d'rlJ- }' duva- dw

(_u_i;)(%:;"iv—{*'—“’f exp[—iY(r—1;+u+w—2)]dY. (9.13)

(3 — ) My, ~J Hyp = — ¥ (9.10)

(3 +) Mgy~ JHyyp = —2v Yoo, (9.11)

Lvaluation of both of these integrals is facilitated by use of the delta function. In
both cases the innermost integral yields 278(r — 75+« +w — v) which is non-zero only
at v = u +w+7—7; and this point must therefore be interior to the polyhedron over
which the remaining fivefold integral is taken. Then J,,, for example reduces to

27nb[b|2 s U wSTi+ 737 (3 — )2 dy dw

= '&'Hv" —

with v = u+w+ 7 — 7. The corresponding form for I;,, may be written down similarly.
The integrals may now be performed in the order indicated and the results are
%+w H(~3+v)!

(3 —w)! (2w)!

(1—p)2wpi—iv — L4y [1(1 - p)l+eiv ph—iv
X{J-O (1+p)? dp+ T+iv .)-0 PP dp}, (9.15)

4arib|b[2 73+ (— 3 4 4p)!
3+2p (3 —w)(2w)!

1(1_p)2iupi+iu 3+iv 1(1_p)2i»p§+ip
<f0 (14 p)3t2e p_-%+iv o (1+p)i+ew dp|. (9.16)

The integrals for I,,,J,,, are eightfold and are, on use of (8.15) for ¥y,

4B]b]? v f
1312 (1___“} %__“} %-i—ZV f d‘T:,f d’rlf dfzf f du dv dw

vu—v)(T3—T1,— 12)1}*“’ (t— 73)‘5—“’
(uvr, )= v

xf exp| —¢Y (27, + 27, — 21, —u —v)]dY]
0

Iy = §mb]b]213(

J310 =

{ra—To+ 3 u+v)}H{rs— 7o+ $(u +v) —w}

xf exp[—itY(r+713—-21,+u+v—w)]dY, (9.17)

—
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J, 2blb|2 dT dT TS_TIdT dudv dw
312 = (2___,“})|(2+“},(_ -f—'&V 3 1 2

V(U —2) (13— 1y — o) ¥ (1~ 7-3)4}+w
(uvry )= b tiv

(2w—27,4 21— u—v)
xf exp|—1¥1(27, + 27, — 21, —u—v)]dY;
0
xf exp|—i1Y(r+7;— 21, +u+v—w)]dY. (9.18)

The two inner integrals may be evaluated immediately on use of the delta function
to give

_ —47sz,b|2 "3—‘}" T3— 1Ty u+v<2ry—71
1312'“(% )’(f"'“} ’(__‘+'“} f., f f dT?’J.J. dudv

X v(u—0) (13 =7y — Tt (1 7 ¥ {1y — 7, + Ju+ 0)} {1, — 7 — J(u+ )}
(uor) b= Wl 7, — 1y — Hu+ )}

’

(9.19)
and

- 27nb|b|2 "s“i" T3—T1 U+v$273 -7
Iaiz = (3 —ev)! (2—-{-“} §+1«V f‘r f f deff dudv

y (U —0) (Tg =Ty — Tl (T — T )+ {7 — 7y + L(u + v)}
(wor )= wh {7, 7, 7y~ hlu+o)}

, (9.20)

where in both cases w = 7— 27, + 7, + u + .
The inner pair of integrals is reduced to a single integral on use of the result that

J‘J‘uwsm— {( ;}—w vi+w}f(u+v) e

LN (1 i [ 2Te—T
= ( 2(;'11}@)1})((2:};" ZV)-fo x2ivf(x) dx (921)

and after that it is helpful to make the successive substitutions
x=2,—2y, To=137+b, Tyg=14{r+t, T, =141

and then it is possible to perform the integrals with suitable choice of the order. The
final result is

Iy, = %mib|b|22%% 73

(— + i)l (__ 34+ 1;,,) 1p2iv+1(1 —p)*’f"
( +@V)(1—ZV) (2@11) fO (1+p)§+iv d , (922)

and Jyrp = (9.23)

mib|b|273+20(— } +iv) !f 1 p2iv({ — p)b+iv
B+2w)2(1+v2) (2! ]y (14 p)t+®

Apart from the neglect of the term multiplying B, in (5.2) these results are exact
and we now examine the form of I, J;; when v is large. We first need the asymptotic
behaviour of the six integrals in (9.15), (9.16), (9.22), (9.23) when » > 1. This is
achieved by noting that each integral is a hypergeometric function #(a,b,c, —1) for
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appropriate a,b, ¢ and then using the differential equation satisfied by F(a,b,c,z).
The results are

(B+i)!  [1(1—ppoptt iy
- ; dp ~ — 9.24
t—w)l 2!}, (14 p)2 P37 ( )
(% +p)! 1(1 _p)1+2ivp1}—i» N o
GowiEvr ), (rpp @~ bt (9.25)
(8 + 3ov)! J- 1(1 __p)ziup}+iu N g3iv+293ir—% (9.26)
F+a)l 2wl )y (1+p)3tey P~ 5H(1 4 ,/5)50w+E’ )
(3 + 3iv)! 1(1 — p)2ir v 33iv+393iv—%
- = - 9.2
Grol @), (Grpie P =TTy (9.27)
& +iv)! 1 p2iv+l(q __p)i-iu - w
T+, (1rppw P~z (9.28)
(3 + 3ov)! J‘lpm(l _p)-L-H'V N 93iv+293iv+3 (9.29)
G+mt@ml), @rpt P15 st ‘
A final collection of the relevant terms then gives that for large v
9~y .
Iy 5 mhetikedrr, (9.30)
92iv— —§ivv—l—2iv e—iin+2iv+~}vw13+2iv, (9_31)

Ty e
31 51([+J5)5’LV&6

where use has been made of (6.6), (6.7).

If we now return to (7.11), (7.12) we are in a position Lo calculate the corrections
Ra,,T5, to the reflexion and transmission coefficients. On use of (4.11) to substitute
for «,;, f;; we obtain that, when v > 1,

Ry = — = 42_1:/_:)5”% g—tirp—1-2w p2ivy 342y (9.32)
Ty & — 1{; v¥ g—tin—vnr3 (9.33)
and then from (7.8), (7.9)
Cy & —ZI% 2-ivg=Rivyd g—brmy3, (9.34)
Dy, ~ — 1»% mh2d-ivedivyl o—hrm 73, (9.35)

Evaluation and discussion of these results is undertaken in the following section.
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10. Results and discussion

We are now in possession of the first correction to the reflexion and transmission
coefficients. The results are that, to O(r3), from (5.6), (9.32), (9.33) the reflected and
transmitted waves are of the form, when » > 1,

Relaztmp) ¢ o, Fellaz—mvh 4 ¢ c., (10.1)
. oiv—% o . .
where R=—i2-2Weovn_ T e—hive2ivy-1-2ivy342iy (10.2)
57}(1 +\/5)5w+§‘
) L '
T =—ie" —1—2e—iw-v"virﬂ. (10.3)

Thus at this stage the transmitted wave is still O(e=>) for v large and so there is again
no transmission through the critical layer. However the coefficient of the reflected
wave is, as a function of v, O(v=1¢") larger at the O(73) stage than at the O(1) stage.
As time goes on the critical layer which when t = O(1) acted merely as an absorber
of energy increasingly takes on the role of a reflector and returns some of the energy
to the main region of the flow. The increase in size of the transmission coefficient is
only O(»}).

It is interesting to speculate on the outcome of a continuation of the calculation,
formidable though it would be. So far our achievementis limited, being confined to the
computation of the leading correction to the prescribed harmonic. Higher harmonics
will be generated in the outer region of the flow but there is no second harmonic O(r%)
because I,,, J;, happened to be zero. Similarly there is no third harmonic O(r%). How-
ever, by analogy with I, there is no doubt that a second harmonic will be generated
at the O(r%) stage. There will also be corrections of order 78, 7%" etc. to the first harmonie.
It seems, though, that it is of dubious value to attempt to estimate the size of the
coefficients as functions of » when v > 1. It is the subtle interplay of the signs of v
that led to J,, being O(e*") larger than I,,. An illustration of this is given by the beta
functions

1 1
f Py ¥dy and fo y (1 —y)tidy, (10.4)

the values of which are msech v and 7#28+#( — 1 —iv)!/(—iv)! respectively, so that
their ratio is O(v-te=") when v is large. In fact I,,, J,, consist of multiple products of
terms of this form. One might suspect however that later terms in the expansion will
give a contribution to the transmission coefficient that is not exponentially small in v
since ¥, now has a term which takes the form J;, (s+¢Y ) when Y is large and
positive, where Jy = O(e?") and this could generate an O(1) contribution to the
transmission coefficient at the O(7°) stage. However a separate study indicates that
this is deferred until the O(7'%) stage.

We conclude by noting that at points of overlap our work is in agreement with
that of previous authors. At times when the linear theory is valid the critical layer is,
for Richardson numbers sensibly greater than }, a wave absorber. On longer time
scales when the nonlinear terms become important the critical layer starts to return
energy to the outer flow, the mechanism being the reflected wave. The calculation has
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not been carried sufficiently far here to see if there will also be a non-negligible trans-
mitted wave, nor have any higher harmonics been explicitly calculated though these
will certainly occur. Both these tasks have, however, been undertaken in asubsequent
study.

The authors are grateful to the associate editor Dr M. E. McIntyre for material
help with the revision of the introduction to this paper.
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